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Part 1. Deter mining the unknown mass of your structure

Step 1: Assemble the mass and stiffness matrices for your structure

For Example:  Findm,, given m;, L, =L,=h, El, & El,
m, u \e f_l‘ﬂ.s
<
Elb 2 -1 )
L, i
m ’ P s
U <7 )
El,
Ly [l
——— 2h —— —— ———
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Step 1: Mass and Stiffness
Matrices (continued)

Example (continued): m=|0 00000
0 000O0O
0 000O0CO
0O 0O0O0OOO
48EIl -24El 6EI 6E
C C 0 0 C C
n® n’ n? h?
-24El, 24El,  -BEl -6El -6El -6El,
hS h3 hZ h2 2 h2
-6EIC 8EIC A'E"b 2Elb ZE\C
_ J—— 0
W2 h 2h 2h h
k= - 3 E
o 6«EIc 2EIb 8EIC1-4EIb 2EIC
W2 2h h 2h h
6EI. -6El, 2El o 4E-IC+4EIb 2E1
h? h2 h h 2h 2h
6El. -6El, 2El 2Elp 4EIC+4EIb
h2 h?2 h 2'h h 2h 7
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Deter mining the unknown mass of your structure

Step 2: Perform Static Condensation (if necessary)

[(] =5k Kol R, =k, - kIk:ik
_(_-‘;k K u T ot™~oo"™ot
e™ot oou
Example (continued):
6E1
0 - 8El, 4El} 2Ely 2El
R h? —t — [— 0
48E-Ic .24-E\c h 2h 2h h
h3 h3 0 _6E‘C ZE\b EEIC AE\b o ZE\C
- Ko = h? Keo = 2h h 2.h h
<24l 24El, 6E1, 6El, 2El o 4Bl 4Elp 2E1y
2 13 7z h = h h 2h 2h
2.El 2EI 4E1 4E!l
6El. 6Elg 0 Tc z_hb - ‘Y zhb
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Step 2: Static Condensation
(continued)

Example (continued):

(1014 27.1cib 0109

sae 1o 82184 63101b 4 1815)
) (281 +361cibr910) 1]

K. = k- ko T koot kot = (281 +-36101b 9107 1]
tt
(1013 + 271c1by 911) SaEle (#1¢+ 181c1bt 911)
[ G81+361c1b4916) ] [(281¢+ 361c1b4 911) 7]

-24Elc

-24Elc.

Where Rn is the condensed stiffness matrix
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Deter mining the unknown mass of your structure

Step 3: Solve the Eigen-value problem to determine the determinant of
[d- 2] ]

Example (continued):

aEe (321 + 631 b4 1811) il -24E1c (10|c 4+271cib 91b)
[k] 5 Z[m] _ (281c%+ 361ctb + 916 h° (281c%+ 361cib +9-15) H°
’ . (1016%+ 271c: b+ 91b) SaEl (4124 181c b+ 91b) w2
[ a1+ 36ic b0 1b) 7] T(281¢ + 361c1b+ 9169 17
10
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Step 3: Eigen-value Problem
(continued)

Example (continued):

- 22w -
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Deter mining the unknown mass of your structure

Step 4: PJug the given values for my, L,, L,, El, & w; into

|- 22[m] :”t 0, and solve for the unknown mass.

Example (continued):

Given:
m, = 0.2kg
L, =0.3048 m
L,=0.3048 m

El = 1.0889242 n-m?
w,; = 12.566 rad/s
w, = 86.013rad/s

12
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Step 4: Solve for unknown m
(continued)

Example (continued):

Plugm,, Ly, L,, El, & w; into =0

[0d- 2 [ ]

Solve for m,

(24-E-|c3-|- 2161 E1b— 41> w ; “m1h’= 18lc-w *mLh*Ib42161c E b’ = Ow 12-m1-h3-lbj
m2 = 24Elc;

I-h3 w (768E-I63_ 281w | -mLh®4 1512c2E db44321c E1b?— 36lc-w ; “mLh.lb— 9w 12-m1-h3-lb2)-‘

m, = 0.949 kg

13

November 5, 2002
SE 180: Earthquake Engineering

Deter mining the unknown mass of your structure

Step 5: Perform a self-check on the value of the mass you just found

Plug the newly determined mass along with the remaining

W, into k]- 2 Z[m] :I d verify that the determinant
isstill equal to zero
Example (continued):

(24 E1c’+2161¢% Elb —41c”w > mLH’ = 18lcw 5> mLh>Ib+216/c-Elb’= 9w 22<ml‘h3‘lb2)
m, = 24kl

[h3‘w 22‘(768E»I<:3—28|c2w 7 -MLP4 15122E Ib4 432Ic.Elb?= 36lcw " -mLIb— 9w 22<ml‘h3‘lb2)-‘

m, = 0.949 kg (same aswith w, —OKl)
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Part 2. Modal Analysis
Step 1: Determinethe Mode Shapesf |,

(k -2 2m)u =0 | Equation1

Continuing with the Eigen-vaue problem solution
(again, Matlab does this, or by hand for a 2dof
system), for each ? , we get an associated T.¢-mode
shape. To do this (for each identified? ), go ahead
and substitute this? for? in Eq. 1 above. Upon this
substitution, you can solve for the corresponding
vector u, the components of which defines the mode
shapef, . 15
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Step 1: Mode Shapes

(continued)
For the Previous example:
w, = 12.566 rad/s
[apie lB2ct6aicbrten) _ o (10’4 27icib s 91b)
(281+361c b4 91b) - [(28Ic21- 36lcIb+ 91b) »h3] [1_397103 _581_5?
= Ll
2aElc (101¢+ 2710 1b+91) ShE e (a1 ¢ 181cb+915) ufp| L-581566 242.06

[Geic?+361ctb + 9169 1°] [(281c%+ 361c b + 9169 7]

1.39710° -581.56 _f uf [Ol
-581.566 242.065) |1 21| LO

Let f,, = 1.0; therefore, f,, = 2.402

16
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Step 1. Mode Shapes
(continued)
Example (continued):

w, = 86.011 rad/s

(321 + 631c 1b+1816) (101c%+ 271 1b+9-1b)

24Elc —wZml  -24Elc
(2812 361c: b+ 910 (281 + 361c- b+ 910) h® I-50,933 -581.566]
= Ll

24 o7 ? 162 . 2 " |- 581.566.6.62.0°
(101 2710 b+ 9:1) aEic. (4162 181 b+ 0.15) PN

[(sic+361cib+91b? 1] [s1c+361cib+ 9163-h]

-50.933 -5815661|f 12 [0]
-581.566-6.6291C° | [ 2o 0

Let f,, = 1.0; therefore, f,, = -0.0876

-24Elc

17
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Step 1: Mode Shapes

(continued)
Example (continued):
First Mode Second Mode
o T2

18
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Part 2. Modal Analysis
Step 2: Determinethe Modal Participation Factors L

I\/Ii
6, 0
NDOF e u
|\/|I = é mJ‘I:JZ| e f2\ l;l
Jj= e u
f=¢
- é a
é u
L, = a m, é (
= 8fNDOFi 3]

19
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Factors (continued)

Example (continued):

M, =mjf 2 +m,f 2, = (0.2)(1)2+ (0.949)(2.402)% = 5.67535 kg

N%OF
L=a m,f“
Ig

L, =mf ,+m,f ,, = (0.2)(1) + (0.949)(2.402) = 2.4795 kg
L, =mf , +m,f ,, = (0.2)(1) + (0.949)(-0.0876) = 0.11687 kg

Step 2: Modal Participation

M, =mf % +m,f3 =(0.2)(1)2+ (0.949)(-0.0876)2 = 0.20728 kg

20
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Factors (continued)

Example (continued):

L, 2.4795 kg
—L - =——=_ - 0437
M 5.67535 kg

L,  0.11687kg
—Z = —/——= = 0563
0.20728 kg

Step 2: Modal Participation

21
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Part 22 Modal Analysis
Step 3: DetermineK;

L =7 0M,

K,=? M, = (12,566 )2 (5.67535) = 896.1625

K, =?3M, = (86.011)2 (0.20728) = 1533.435

22

November 5, 2002
SE 180: Earthquake Engineering

Part 2. Modal Analysis
Step 4: Add Damping

Now, you can add any moda damping you wish (whichis
another big plus, since you control the damping in each
mode individually). If you choose z; = 0.02 or 0.05, the
equations become:

g +2x?,G +? 2q =-:‘Tiug, i=12 ... NDOF

23
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Part 2. Modal Analysis
Step 5: Solve for g(t)

Solve for g;(t) in the above uncoupled equations (using a SDOF-type
program), and the final solution is obtained from:

u=Fq
u=Fgq
i=Fg
' =U+1d,

24
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(continued)

Wewill solve for g (t) using amodified version of the
spreadshest for solving for the response of a SDOF
system using Newmark's Method

25
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Part 3: Spreadsheet for Modal Analysis

Step-By-Step Procedure For Setting Up A Spreadsheet For Using
Newmark’s Method and Modal Analysis To Solve For The
Response Of A Multi-Degree Of Freedom (MDOF) System

Start with the equation of motion for a linear multi- degree of freedom
system with base ground excitation:

mu +cu +ku=-mly,

26
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Using Modal Analysis, we can rewrite the original coupled matrix
equation of motion as a set of un-coupled equations.

4 +272¢ +2% ’ﬁ“e .i=1,2 ... NDOF

withinitial conditionsof d,(t=0) =d, and vi(t=0)=v,

Note that total acceleration or absolute acceleration will be

qlabs = ql + Ug

27
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We can solve each one separately (as a SDOF system), and compute
histories of ¢, and their time derivatives. To compute the sysem
response, plug the g vector back into u = F g and get the u vector (and
the same for the time derivatives to get velocity and acceleration).

The beauty here is that there is no matrix operations involved, since the
matrix equation of motion has become a set of un-coupled equation,
each including only one generalized coordinate q,.

In the spreadsheet, we will solve each mode in a separate worksheet.

28
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Step 1 - Define System Properties and Initial Conditions for First Mode

(A) Begin by setting up the cells for the Mass, Stiffness, and Damping
of the SDOF System (Fig. 1). These values are known.

(B) Set up the cells for the modal participation factor '\l;l_‘ and mode shape

f. (Fig. 1). These values must be determined in advance using Modal
Analysis.

(C) Calculate the Natural Frequency of the SDOF system using the
equation

?, = /Ki/Mi (Equation 1)

29
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Note: If the system damping is given in terms of the Modal Damping
Ratio ( z ) then the Damping ( C; ) can be calculated using the equation:

C=2zwM, (Equation 2)

(D) Set upthecellsfor the 2 Newmark Coefficientsa & b (Fig. 1),
which will allow for performing

ol

a) the Average Acceleration Method, use a = %and R

A

b) the Linear Acceleration Method, use a:%and R==.

N

(E) Set up cells (Fig. 1) for theinitial displacement and velocity (d, and
v, respectively)

30
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S i g v e s e )

Figure 1. Spreadsheet After Completing Step 1

31
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Step 2— Set Up Columns for Solving The Equation of Motion Using
Newmark’s Method

Place acell (Fig. 2) for the time increment (Dt).
Place columns (Fig. 2) for the time, base excitation, applied force

divided by mass, relative acceleration, relative velocity, and relative
displacement.

32
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atp
R o i S S =
FIPFLIdANT b Hur SRR L L BN [L e T
L
e == T T ¥
I s
! 1 =1 .
| 3 ! 1
|- [R9aNe Accdaaio]
i e
|=
I
]
=
i
IE =
-

iF

Figure 2: Spreadsheet After Completing Step 2
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Sep 3—-Enter the Timet & Applied Force f(t) into the Soreadsheet
t,, =t +2t (Equation 3) (Fig. 3)
For the earthquake problem (acceleration applied to base of the
structure), the applied force divided by the massis calculated using:

fM__ L u (Equation 4) (Fig. 3)

|(t
Ml Ml g

where, U o; 1S the applied base acceleration ~q
at stepi. (Typically thisis the base excitation *
time history)

Check the units of the input motion file.
IFhey must be compatible with the units

of the mass, stiffness, and damping! ——
< 4_7_

34
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_
e i e o o e s
TR W i AR LT LT L s
Ty T | ¥
|
-

[SuESr—.

=y

Figure 3: Spreadsheet After Completing Step 3
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Sep 4— Compute Initial Values of the Relative Acceleration, Relative
Velocity, Relative Displacement, and Absolute Acceleration

(A) Thelnitial Relative Displacement and Relative Velocity are known
from theinitial conditions (Fig. 4).

qt=0)=d, (Equation 5)
gt=0)=v, (Equation 6)
(B) Thelnitial Relative Acceleration (Fig. 4) is calculated using

G(t=0)=- %ug - 27?2v, - ?2d, (Equation7)

36
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R i s e e =
e EkY "o i B [l LI R ERRE TR EEWSTEE [ IR T e
L1 =
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Figure 4: Spreadsheet After Completing Step 4
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Sep 5 Compute Incremental Values of the Relative Acceleration,
Relative Velocity, Relative Displacement, and Absolute Acceleration At
Each Time Sep (Fig. 5)

(A)
g-iugwl- Cl(i:é?_tq|+q\9- Kléﬁ_r)tz(l— ZBh\+7tq|+q|ng’,l
g, = &M, ez g ez 40 (Equation 8)
i+l ml*
G =02t(1- a)+ 14, ?ta+ g (Equation 9)
. ?t? o )
G =0, —-(1- 28)+6,.2U°B+6, 7t +q, (Equation 10)

Where, the effective mass, m,* =M, +C,?ta+ K, ?t’}
38
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T
e s
O i W Bis R EEA e, A e
L1 a

R e T

[Equation1d

ERN PRI E LR

iF

Figure 5: Spreadsheet with values for the Relative Acceleration, Relative
Velocity, and Relative Displacement at Time Step 1
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(B) Then, highlight columns |, J, & K and rows 4 through to the last time
step (in this example 4003) and “Fill Down” (Ctrl+D).

See Figures 6 and 7.

alin
Lo tn i e e e ]
OB ahg = W= K= (RN ESELL L EL TS SR WSS I A

E < - S e

[

Figure 6: Highlighted Cells 40
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ol
e
RN KR E LT RES KL AL )

e T e e

vomma i

Figure 7: Spreadsheet After “Filling Down” Columns | through K
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Sep 6 — Create Additional Worksheet for Second Mode

Make a copy of the “ 1% Mode” worksheet by right clicking on the* 1%
Mode” tab and selecting “ M ove or Copy” (Fig. 8)

aiin

.-.l
e AL I ot N S LR

41
SE 18(,)\1:0;2/2Thbqirailezé)r?gzi neering Sep 6 (Conti nued)
Then check the box for “ Create a copy” and click on “OK” button
(Fig. 9
i e e e
- o -
E —
“L. ===l m - Wi o L -_ﬂ
=l e g e [ = | R SRR D
Figure 9: Creating a Copy of 1% Mode Worksheet -

i iy e B T
e e e | G e e e | AR
Figure 8: Creating a Copy of 1% Mode Worksheet 42
ber 5. K
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Rename this worksheet by right clicking on the “ 1st Mode (2)” tab and
selecting “ Renamée’. Rename this worksheet “ 2@ Mode” (Fig. 10)

Enter the appropriate valuesfor M, K,,, C,, # f, d,, and v, (Fig. 10).
2
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al
L i i Lo s e e
= any e ijBEapen, yAae LI T
L]

I - =

I

Iz =

=

|=

ML ghcaima i, T b A g I -
ey

Figure 10: Worksheet for Second Mode

Step 6 (continued)

45
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Step 7 — Repeat Sep 6 for Additional Modes

Step 8 — Determine the Response at Each of the Floors

Determine the Response of the first floor using the equations:

u=Fq
u=Fq
u=Fq

46
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For example for a 2DOF structure, the first floor responseis (Fig. 11)
u =Ff,q +f.q, (Equation 11)
u, =¥, +F.,0, (Equation 12)

o, = F,0, +F,,0, (Equation 13)

Sep 8 (continued)

47
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Sep 8 (continued)

and the second floor responseis (Fig. 12)

u, = 50, +F,0, (Equation 14)

u, =F,.0,+F,.0, (Equation 15)
U, =¥, +1,,0, (Equation 16)

Thefirst floor absolute acceleration is
Uy =0,+0, (Equation 17)

The second floor absolute acceleration is

u; =i, +, (Equation 18)
48
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Step 8 (continued)

i i i i e ]
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Figure 11: First Floor Response
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Sep 8 (continued)

e i i e B e
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Figure 12: Second Floor Response
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