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Systems with Distributed Mass and Elasticity
1. Free vibration of a bending beam
Bending Beam Equation:
mu + Elu'"'=0 (1)
Define solution as:
u(x,t) = ¢(x)a(t) )
Substitute Steady state
i =-0u 3)
Elg""-w’mg =0 4)
Elg""—B'mg =0 ®)
B* = (w’m/El) (6)
Solution is:
#(x) =C, sin px +C, cos fx + C, sinh px + C, cosh px (7
For a simply supported beam, the boundary conditions are:
u(0)=0,u"(0) =0,u(L) =0,u"(L)=0 (8)
Leading to:
singL=0 9)
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or
pL=nrx (10)
or:
w, = (n?7z2/L2)(WEI /M) (11)
and:
@, (x) =C,sin(nzx/L) (12)
For a cantilever beam:
u(0) =0,u'(0) =0,u"(L)=0,u""(L)=0 (13)
Leading to:
1+cosplLcoshpL=0 (14)
or:
w, = (3.516/ L)(WEI /M ),w, = (22.03/ L2)(EI /M), (15)

w, = (61.70/ L*)(WEI /M), w, = (120.9/ L*)(VEI /M)

2. Modal Orthogonality
Steady state response of an SDOF system to periodic excitation is obtained at the aid of Fourier
Transform and Inverse Fourier Transform.

For a cantilever beam:

Elg. "= o ‘mg, (16)
Leading to:
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17
[9.€18,dx= 0,2 4, mes ()
Leading to:
L L (18)
[Elg. g, dx =0, [m, g dx
Replacing everything above but starting with mode r and multiplying by mode n:
19
T Elg,"g,"dx =, T Mg, ¢, dx (9
Subtracting:
20
(7 -0, | mg,gdx=0 )
for:
(0, # ;) (21)
The orthogonality condition becomes:
(22)
Mg, 4,dx =0
or:
23
]‘E|¢r"¢n"dx=0 (23)
Modal Analysis
Define solution as:
(24)

ux) =Y 4000, (1)

Substituting in beam equation:
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zm¢rqr+ZEl¢r””qr :_mug ( )
r=1 r=1
Multiply by ¢, and integrate over domain 0-L.:
L © L ®© L (26)
[#,> - mgddx+ [4,> Elg,""q,dx = —[ g,maxi,
0 r=1 0 r=1 0
Due to modal orthogonality:
L L L (27)
.[m¢n2dxq'n + J-¢nE|¢n””qndX = _J-¢nmdxug
0 0 0
or:
ann + ann = _Lnug (28)
and as always,
K, =o’M, (29)
Now we can solve each equation for gn independently, and then calculate u:
or:
qn +2§nwnqn +60qu =_(Ln/Mn)ug (30)
and,
(31)

ux) =Y 400, (1)

r=1
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