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1. Free vibration of a bending beam 

Bending Beam Equation: 

0'''' =+ EIuum &&   (1)

 

Define solution as: 

)()(),( tqxtxu φ=   (2) 

 

Substitute Steady state 

uu 2ω−=&&  (3)

0'''' 2 =− φωφ mEI  (4) 

0'''' 4 =− φβφ mEI  (5)

)/( 24 EImωβ =  (6) 

 

Solution is: 

xCxCxCxCx ββββφ coshsinhcossin)( 4321 +++=   (7) 

 

For a simply supported beam, the boundary conditions are: 

0)('',0)(,0)0('',0)0( ==== LuLuuu   (8) 

 

Leading to: 

0sin =Lβ   (9) 
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or 

πβ nL =   (10) 

or: 

)/)(/( 222 MEILnwn π=   (11) 

and: 

)/sin()( 1 LxnCxn πφ =   (12) 

 

For a cantilever beam: 

0)(''',0)('',0)0(',0)0( ==== LuLuuu   (13) 

Leading to: 

0coshcos1 =+ LL ββ   (14) 

 

or: 

)/)(/9.120(),/)(/70.61(
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(15) 

 

 

 

2. Modal Orthogonality 

Steady state response of an SDOF system to periodic excitation is obtained at the aid of Fourier 

Transform and Inverse Fourier Transform.  

For a cantilever beam: 

EIφ n ' ' ' '=ωn
2mφn  (16) 

Leading to: 
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φ r
o

L

∫ EIφ n' ' ' 'dx = ωn
2 φ r

o

L

∫ mφndx   
(17) 

Leading to: 

dxmdxEI n

L

o
rnnr

L

o

φφωφφ ∫∫ = 2''''   
(18) 

Replacing everything above but starting with mode r and multiplying by mode n: 

EI
o

L

∫ φ r' 'φ n ' 'dx =ωr
2 mφ r

o

L

∫ φndx   
(19) 

 

Subtracting: 

(ωr
2 −ωn

2) mφ r
o

L

∫ φndx = 0   
(20) 

for: 

(ωr ≠ωn )   (21) 

The orthogonality condition becomes: 

mφ r
o

L

∫ φndx = 0  
(22) 

or: 

EIφ r
o

L

∫ ' 'φn ' 'dx = 0  
(23) 

 

Modal Analysis 

 

Define solution as: 

u(x, t) =
r=1

∞

∑ φr(x)qr(t)   
(24) 

 

Substituting in beam equation: 
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grr
r

rr
r

umqEIqm &&&& −=+∑∑
∞

=

∞

=

''''
11

φφ   
(25)

 

Multiply by φn and integrate over domain 0-L: 

g

L

nrr
r

L

nrr
r

L

n umdxdxqEIdxqm &&&& ∫∑∫∑∫ −=+
∞

=

∞

= 01010

'''' φφφφφ   
(26)

 

Due to modal orthogonality: 

g

L

nnn

L

nn

L

n umdxdxqEIqdxm &&&& ∫∫∫ −=+
000

2 '''' φφφφ   
(27)

 

or: 

gnnnnn uLqKqM &&&&& −=+   (28)

 

and as always, 

nn MK 2ω=   (29)

 

Now we can solve each equation for qn independently, and then calculate u: 

or: 

gnnnnnnnn uMLqqq &&&&& )/(2 2 −=++ ωωζ   (30)

 

and, 

u(x, t) =
r=1

∞

∑ φr(x)qr(t)   
(31)
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Homework 

1) Find mode shapes and natural frequencies of a cantilever shear beam defined by: 

 

''Guu =&&ρ   (3)

 

And boundary conditions: 

u(0) = 0.......Gu'(h) = 0   (4)

 

Where ρ is mass density, G is shear modulus, and h is beam height.  

Hint: Note that the shear wave velocity Vs is defined by: 

Vs = G /ρ   (5)

 

and the natural frequencies in Hertz are: 

 

fn = (2n −1)Vs /4h.......n =1,2,3,..  (6)

 

 

2) Use a finite element program (bending beam elements) to model a 30 m cantilever bending 

beam ((choose EI to represent a building), and subject it to a unit load at the top. Compare the 

result from 3 different meshes of 2 elements, 6 elements and 10 elements. Repeat specifying a 

zero rotation at the top. Compare the results to the theoretical deflection at the beam top (both 

cases, free at the top, and zero rotation at the top). 

 

3) Use a Finite Element program (Beam Elements) to model a cantilever bending beam 30 m in 

height (choose EI and m to represent a building). Build 3 meshes, of 2 elements, 6 elements and 

10 elements, and compute mode shapes and natural frequencies in each case (focus on first 4 

mode shapes and frequencies). Plot the mode shapes in each case. Compare the resonant 
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frequency results and verify based on the equations for natural frequency provided in this 

handout. 
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